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We construct an infinite family of (¢4 1)—regular Ramanujan graphs X,, of girth 1. We
also give covering maps X,+1 — X, such that the minimal common covering of all the
X,’s is the universal covering tree.

1. Introduction

Ramanujan graphs were first introduced by Lubotzky, Phillips and Sarnak
(LPS) in [8] as graphs satisfying the “asymptotically optimal” bound on the
size of the second eigenvalue. A (g+1)—regular graph X is called Ramanujan
if [\] <2,/q for every non-trivial (i.e. #=+(q+1)) eigenvalue X of its adjacency
matrix. By saying that the bound 2,/q is asymptotically optimal we mean
that trying to impose any lower bound gives rise only to finite families of
graphs; this is the content of Alon-Boppana theorem [13]. It is an open
question weather there exist infinite families of (¢+ 1)—regular Ramanujan
graphs for a general number ¢. Explicit constructions in the case where ¢
is prime were given by Lubotzky, Phillips and Sarnak (LPS graphs), these
were later extended to the case where g is a prime power ([11,6])!. Tt is

Mathematics Subject Classification (2000): 05Cxx; 05C25, 22E40
! Tt should be emphasized that even non constructive methods or methods of proba-
bilistic nature for proving existence of Ramanujan graphs are not known. The best known
results so far are due to Joel Friedman ([4]) who shows that the non-trivial eigenvalues of
a random (g+1)—regular graph with n vertices satisfy |A| <2,/q+log(q)+C almost surely
(i.e. with a probability that tends to 1 with n). The bound here is strictly larger than the
Ramanujan bound and independent of n.

0209-9683/103/36.00 (©2003 Jdnos Bolyai Mathematical Society



488 YAIR GLASNER

not difficult to describe these examples, but the proof of the Ramanujan
property relies on very deep theorems from number theory.

LPS graphs exhibit many interesting combinatorial properties, some of
these are a direct consequence of the Ramanujan property and others are
independent of the spectral properties of the graph. Two examples are:

e It is a direct consequence of the Ramanujan property that LPS graphs
are good expanders.

e It can be proved in an elementary way, independent of the Ramanujan
property, that LPS graphs have very large girth. In fact the bi-partite
LPS graphs satisfy girth(X) > log(|X]|).

Lubotzky, in his book [9, Question 10.7.1], poses the question of clarifying
the connection between the Ramanujan property and the girth. There are
some theorems showing a correlation between the eigenvalue distribution
and the existence of small circuits, but they are all rather weak. For ex-
ample Greenberg (see [5],[9, theorem 4.5.7]) proves that an infinite family
of Ramanujan graphs ... X,, — X,,_1 — ... — X; covering each other, with
X, — X; a regular covering map, must satisfy girth(X,) — oo (in other
words an example like the one given in theorem (1.2) below is not possible
when the covering maps X,, — X are assumed to be regular). In the other
direction McKay (see [10]) shows that infinite families of (¢4 1)—regular
graphs with asymptotically few circuits have most of their eigenvalues con-
centrated in the Ramanujan interval [-2,/q,2,/q].

In this paper we give the following example, proving that the Ramanujan
property does not imply large girth.

Definition 1.1. An infinite sequence of graphs covering each other ... —
Xn+1— X, — X1 —...— X7 will be called a tower of graphs.

Theorem 1.2. There exists a tower of regular Ramanujan graphs X,, sat-
isfying the following properties:

1. There is a common bound M on the girth of all the graphs.
2. The minimal common covering of all graphs is the universal covering tree.

We also give an explicit description of one such family of graphs, similar
to the explicit constructions given by Lubotzky, Phillips and Sarnak in ([8]).
In fact in section (4) we show that our graphs can be realized as families of
Schreier graphs of PSLy(Z/q"Z) (or closely related groups) with respect to
some Cartan subgroups. The Ramanujan graphs obtained in these examples
have girth 1, (i.e. they all contain loops).

There are good reasons to expect that examples such as the one given
in theorem 1.2 should exist. Indeed, the property of being a Ramanujan
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graph is only asymptotically optimal. It is not difficult to find small graphs,
satisfying better bounds on the second eigenvalue. Given such a “better
than Ramanujan” graph we can make a local change to the graph: creat-
ing a small circuit while introducing only minor changes in the eigenvalues
and retaining the Ramanujan property. To obtain an infinite family of Ra-
manujan graphs with small girth, we have to start with an infinite family of
better then Ramanujan graphs with some precise estimates on their second
eigenvalues, which seems very difficult. We do not take this approach, in-
stead we go back and introduce a minor change in the construction of LPS
graphs and this yields the desired family of Ramanujan graphs with small
girth.

If theorem 1.2(2) does not hold then 1.2(1) automatically does hold be-
cause any closed path in the common covering of all Ramanujan graphs will
appear in each one of them. This happens exactly when the fundamental
groups of our graphs have a non-trivial intersection. In [§] Ramanujan graphs
are constructed as quotients of the Bruhat-Tits tree T" of PGL2(Q,) by tor-
sion free congruence subgroups of a {q}-arithmetic lattice I' < PGL2(Qy).
It is customary to use principal congruence subgroups but, as the intersec-
tion of an infinite family of such is always trivial, we replace them by an
infinite family of non-principal congruence subgroups. In order to achieve a
minimal common covering which is a tree (1.2(2)), we change the covering
morphisms X, 11— X,.

Remark. We start from the classical construction of Ramanujan graphs
due to Lubotzky, Phillips and Sarnak and modify it slightly. This construc-
tion involves definite quaternion algebras defined over Q, and is described
in [9] and in section (2.4). This approach has the advantage of simplify-
ing the presentation and the disadvantage of yielding only (¢+ 1)—regular
graphs, where ¢ is prime. The regularity restriction is not really necessary,
our method will work also for variants of the LPS construction which yield
(¢ + 1)—regular Ramanujan graphs for every prime power g. For example
Morgenstern’s construction in positive characteristic [11] or the construction
of Jordan Livné involving totally definite quaternion algebras over number
fields [6].

I would like to thank Shlomo Hoory, Natan Linial, Ron Livné, Alex
Lubotzky, Shahar Mozes, and Andrezej Zuk for many helpful discussions on
Ramanujan graphs. I also thank Alex Lubotzky for showing me the proof
of lemma 5.1 and Shahar Mozes for letting me include his proof of Prasad’s
theorem (3.2). Finally, I wish to thank the two referees. They read carefully
the original manuscript, and their many comments helped me bring it to its
current more readable form.
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2. Review
2.1. Covering theory for graphs

We define a graph X to be a set of vertices VX, a set of edges EX together
with a fixed-point-free involution = : EX — EX (associating with every
edge e an edge € called its inverse) and two maps called the origin and
terminus maps o,t: EX — V X satisfying oe=te, teé=o0e. We think of our
graphs as non-directed but we represent each geometric edge [e] by a pair of
directed edges {e,e}. All our graphs might contain loops or multiple edges.
All the graphs in this paper are assumed connected. Notions like graph
morphisms, automorphisms, etc ... are all defined in the obvious way. All
automorphisms of a given graph X form a group denoted by Aut(X).

Let G be a group acting (on the left, by graph automorphisms) on a
graph X. We say that the action is without inversion if no element of G
takes an edge to its inverse. Whenever G acts without inversion on a graph
X there exists a well defined quotient graph denoted G\X and a quotient
morphism p: X — G\ X . To see this one should check that the structure maps
{7,0,t} of the graph X induce well defined structure maps on the quotient
sets G\V X and G\EX. We say that a group G acts freely on the graph X,
if all vertex stabilizers are trivial.

A link of a vertex v € VX is the set Lk(v) %ef {e € EX|oe = v}. A
graph morphism ¢: X — Y induces a map ¢, : Lk(v) — Lk(¢(v)) Yo e VX.
A covering map of graphs ¢ : X — Y is, by definition, a (surjective) map
that induces a bijection on every vertex link. If a group G acts freely and
without inversion on a graph X, the quotient map p: X — G\ X is a covering
map. Covering maps obtained in this way are called reqular. Every graph is
regularly covered by a tree:

Theorem 2.1. For every graph Y there exists a unique regular covering
map m:Y —Y with Y a tree.

The tree Y is called the universal covering tree of Y. The group that acts
freely and without inversion to yield Y as a quotient is denoted by m1(Y,-),
it is called the fundamental group of Y. The uniqueness statement in the
theorem means that the pair (m(Y,-),Y) is uniquely determined by the
graph Y (up to a naturally defined notion of isomorphism of group actions
on graphs). It turns out that fundamental groups of graphs are always free
groups.

If a group G acts freely and without inversion on a graph X with a
quotient graph Y = G\X, and if H < G is a subgroup there is a natural
covering map of graphs X — H\X — G\X =Y. It turns out that if we take
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X=Y and G=m (Y,-) all possible covering graphs of Y are obtained in this
way:

Theorem 2.2. There is a bijective correspondence, called the Galois cor-
respondence, between the subgroups of m(Y,-) and intermediate covering
graphs Y — Z —Y . The Galois correspondence associates with a subgroup
H of m(Y,-) the intermediate covering:

(2.1) V= H\Y = (Y =m(Y,)\Y).

Inclusion of subgroups Hy < Hy < m(Y,-) is transformed to covering of
graphs Hy\Y — H,\Y. Normal subgroups of m(Y,-) correspond to regular
coverings of Y. Explicitly: if N<m(Y,-) the action of 71 (Y,-) on Y induces
a free action without inversion of w1 (Y,-)/N on N\Y ; and there is a natural
isomorphism (1 (X,-)/N)\(N\X)=Y.

The (¢+1)—regular graphs are exactly the graphs whose universal cover-
ing tree is T'=Tg41, the (¢+1)—regular tree. Let ¢g+1=2n and let X be the
graph with one vertex and n edges, such a graph is sometimes called a wedge
of n circles. The Galois correspondence can be described very explicitly for
the graph X:

Example 2.3.

e Let I' be a free group on n letters, S={v1,72,... ,'yn,'yfl,'y;l,... ol e
I' a set of free generators and their inverses, and T'= X (I",.S) the right
Cayley graph of I" with respect to S. T'=1T5,, is the 2n—regular tree and
I' acts freely transitively and without inversion on 7', thus X =I"'\T is a
wedge of n circles and the pair (I,T") can be identified with (7T1(X ), X )

o If NI’ the graph N\T can be identified with the (right) Cayley graph
of I'/N with respect to the symmetric set of generators {37,73,... , 77 '}

o If N<H<I are subgroups with N<I", the graph H\T can be identified
with the Schreier graph of the group pair (I'/N, H/N) with respect to the
same set of generators. Explicitly: we can identify the vertices of H\T
with the right cosets of (H/N) in (I'/N). The directed edges will be of

the form {(yN, 'Y'Yz‘ilN)}qu,%ﬂeS'

2.2. Classification of tree automorphisms

Theorem 2.4. (See [16]) Let T be a regular tree, d the standard metric
on VT, o € Aut(T), | = l(0) = min{d(v,ov) :v € VT'} and X = X(0) =
{veVT|d(v,ov)=I(0)}, then exactly one of the following three possibilities
hold:
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1. ¢ is an inversion: There exists an edge ec E'I' with ce=e€. in this case e
is uniquely determined, =1 and X consists of the two points {oe,te}.

2. o is elliptic: | =0 and X is a convex subset of T consisting of all the
points fixed by o.

3. o is hyperbolic: | > 0 and X is a bi-infinite line on which o acts by a
translation of length I.

2.3. Bruhat—Tits theory

A rich source of examples for group actions on trees comes from Bruhat—
Tits theory. The basic tool is a natural action of the group G =PGL2(Q,)
on the (¢+1)—regular tree T'=Tg 1 (an excellent exposition of this action
can be found in Serre’s book [16]). We will use the following properties of
this action:

1. The subgroup K =PGLy(Z,) is the stabilizer of a vertex O VT'. G acts
transitively on the vertices and on the directed edges of T'. In particular
all vertex stabilizers are conjugate to K.

2. The stabilizer of the sphere S7(O,n) is the group K (¢") e ker{ PGL(Z,)

i PGLy(Z/q"Z)}. Thus the action of K on Sr(O,n) factors through
an action of PGLs(Z/q"Z) on St(O,n). It turns out that this ac-
tion can be identified with the action of PGLy(Z/q"Z) on the projec-
tive line PY(Z/q"Z) by Mobius transformation. Consequently, the ac-
tion of PGLy(Z/q"Z) on Sr(O,n) is transitive and the point stabi-
lizers are all conjugate to the (Borel) subgroup of upper triangular
matrices. Since the action of PGLs(Z/q"Z) on Sp(O,n) comes from
an action on the ball By(O,n) it is impossible for this action to be
2—transitive, it is transitive however on the pairs of points {(z,y) €
St(0,n) x Sp(O,n)| The path [x,y] contains the point O} and the sta-
bilizers of such pairs are conjugate to the diagonal (Cartan) subgroup?.

3. The set of infinite rays emerging from O, is called the boundary of the
tree and the group K acts transitively on it. In fact this action on the
boundary can be identified with the action of PG Ly(Z,) on the projective
line P1(Z,) =P*(Q,) by Mobius transformations®.

2 In fact the action is also transitive on the set of triplets of points satisfying a similar
geometric condition, the stabilizer of such a triplet is trivial.

3 This is proved by noticing that everything that was said about the action on the sphere
S(n) is compatible with the natural map S(n+1)— S(n) and then passing to the inverse
limit.
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2.4. The construction of LPS graphs

By theorem (2.2) (¢+1)—regular graphs are equivalent to groups I" acting
freely and with finitely many orbits on the (g+1)—regular tree Tyq. A wider
class of groups is the class of uniform lattices namely groups acting with a
finite number of orbits and with finite vertex stabilizers. One method for
constructing uniform lattices inside PG Ly (Q) is the arithmetic construction
due to Borel and Harish-Chandra (see [2,1]). Uniform lattices constructed
in this way are referred to as {q}—arithmetic lattices or sometimes just as
arithmetic lattices. The extensive knowledge available on arithmetic lattices
and their properties has enabled Lubotzky, Phillips and Sarnak ([8]) to prove
that I'(n)\T are Ramanujan graphs for certain infinite families of arithmetic
lattices {I"(n)}nen. We proceed to describe these lattices.

Let H = H,,, be a quaternion algebra defined over Q (i.e. u,v € Q). H
is a four dimensional algebra over Q spanned by the four symbols 1,4,7,k
satisfying the relations i = —u,j? = —v; ij = —ji = k. If k/Q is a field,
H(k) défH@@k: (or in other words H(k) is defined in the same way only as
an algebra over k). Let G be the Q-algebraic group H*/ZH*, one can think
of G as a way of associating a group G(k) to every field k/Q by letting
G(k)=H(k)*/ZH(k)* (The group of invertible elements modulo the center).
If R<C is a ring we will think of G(R) as the group of elements in G(C)
that have representatives all of whose coefficients are elements of R.

There is a dichotomy saying that H(k) is either isomorphic to Ma(k) or
is a division algebra®. In the first case we say that H splits over k and in the
second that H ramifies over k. If H splits over k then G(k)= PGLs(k).

We say that H splits (resp. ramifies) at the prime ¢ if it splits (resp.
ramifies) over Qg, (including the case ¢ = 0o, Q, = R). Every quaternion
algebra H ramifies over a finite set of primes (of even cardinality) and splits
over all other primes. H is called a definite quaternion algebra if it ramifies
at oco.

Assume that a definite quaternion algebra H splits at ¢, then G(Z[1/q]) <
G(Qq) = PGLy(Qy) is an example of a {¢}— arithmetic lattice in PGL2(Qy).
If N is any integer prime to ¢ the homomorphism ¢y : Z[1/q] —
Z[1/q]/NZ[1/q|=Z/NZ gives rise to a homomorphism

(2.2) YN : I =G(Z[1/q]) — G(Z[1/q]/NZ[1/q]) = PGLy(Z/NZ).

4 Tt is easy to see that H is a central simple algebra and from the structure theory of such
algebras H(k) = M, (D) for some division ring D/k, the dichotomy now follows because
dimiH(k)=4.
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Definition 2.5. Principal congruence subgroups of I' are groups of the
form I'(N) = ker(y)n). A subgroup of I' is called a congruence subgroup
if it contains a principal congruence subgroup.

If N is big enough then the group I'(IV) < PGL2(Qq) acts freely on the
Bruhat-Tits tree T}41.

Theorem 2.6. (Lubotzky, Phillips, Sarnak). Let H = H,,, be a definite
quaternion algebra defined over Q, G the Q—algebraic group H*/ZH* and
assume that H splits over q. If a congruence subgroup I < I'=G(Z[1/q])
acts freely on T =T, 4. then the graph I'"\T is a (¢+1)—regular Ramanujan
graph.

Remark. Theorem (2.6) is usually stated for principal congruence sub-
groups. The general case is easily deduced: by definition every congruence
subgroup I contains a principal congruence subgroup I'(N) giving rise to
a covering map 1 : I'(N)\T — I"\T. If f is an eigenfunction for the ad-
jacency operator on I"\T then fon will be an eigenfunction on I'(N)\T
with the same eigenvalue. The graph I'(IN)\T will, therefore, inherit all the
eigenvalues of I"\T proving that the later must be Ramanujan if the former
is.

3. Ramanujan Graphs of Small Girth

Let H=H,,, be a definite quaternion algebra defined over Q (0 <u,v€Q, i =
—u,j?=—v,ij = —ji=k, H ramifies at c0). Let G be the Q algebraic group
H*/ZH*, ¢; a prime such that H splits at ¢; and I" the {¢; }—arithmetic
lattice G(Z[1/q1]) < PGL2(Qy, ).

We give a geometric description of some congruence subgroups of I” which
is based on ideas coming from the theory of lattices acting on products of
trees ([3,7]). Let g2 # g1 be a second prime such that H splits over g2 and
Ty =Tg,+1 the Bruhat-Tits tree corresponding to PG L2(Qg,). The group I’
acts on Ty through its embedding in G(Qg,) = PGL2(Qy,), in fact here I"
is a subgroup of PGLy(Zg,) so it fixes a vertex Oz € VT5. Furthermore by
2.3(2) we can identify I'(¢3) =I'p, (0s,n)-

Given any finite set of vertices Oy € C'C VT there exist an n € N such
that I'c D I'py, (0sm)- By 2.3(2) Iy (05m) =1I"(gy) is a principal congruence
subgroup, so the pointwise stabilizer I'c < I' is a congruence subgroup of
I', and the corresponding graph X¢ e c\T1 is Ramanujan by theorem
(2.6). If we have two such sets Cy C Cy then I'c, < I'¢, and by the Galois
correspondence 2.2 there is a covering map X¢, — X, .
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An ascending sequence of finite subsets O, € C1C...C,,—1 CC,, CCpy1...
gives rise a tower of Ramanujan graphs { X, det Xo, tnen. IfC=,,C, CV Ty,

then M, I, = ['c. The minimal graph that covers all the X,,’s is X¢ def

I'c\T1; it will be a tree and theorem 1.2(2) will be satisfied iff I'= (e).
We first construct a tower of Ramanujan graphs whose minimal common

covering is not a tree and consequently the girth of all graphs is bounded.

Let X' be the {q1,¢2}—arithmetic lattice by G(Z[1/q1,1/g2]) and identify
I' with the subgroup of X consisting of these elements whose coefficients
contain only denominators which are powers of ¢y, which is exactly the
subgroup of X' fixing the vertex Oy € V1.

(3.1) I' = XN PGLy(Zg,) = Yo,

Without loss of generality, we may assume that I' acts freely on T; by
replacing both X and I' by X(N) and I'(IN) - the principal congruence
subgroups mod N, where N is a large enough number such that (N,q1¢g2) =1.

Definition 3.1. We say that the action of the group X on 77 xT5 contains a
torus if there are two infinite geodesics (=infinite paths without backtrack-
ing) I; CT; and a subgroup Z? 2 (v,§) < ¥ fixing setwise the tessellated plain
A=I[y xloCTy xT5, and acting on it freely and co-compactly.

The action of the group X on T} x Ty does contain a torus. This is a
theorem due to Prasad (see [15]), another, more geometrical, proof for the
existence of a torus is given by Mozes in ([12, see the discussion below
prposition 2.11]). Both proofs are given in a much greater generality. Shahar
Mozes indicated to me that his proof, when it is adopted to our particular
case, becomes very simple. I sketch his argument here for the convenience
of the readers. In the specific example, described in section (4), it is easy to
find a torus explicitly.

Proposition 3.2. (Prasad) The action of the group X on Ty x Ty contains
a torus.

Proof. The reader should refer to figure (1) to understand this proof.
Consider the square complex X def IN\(Ty x Ty), let p: Ty x Ty — X be
the covering morphism and O = (01,03) € T} x T a base vertex. Choose
two closed paths a1 and as in the horizontal and vertical 1—skeletons of the
complex X respectively. Both «a; should start at the base vertex p(O) € X.
Now lift the bi-infinite path adﬁf...al ~qrp-@ ... to a path @ in 71 X Th
passing through O. The convex hull of the path & in T} x T5 is a tessellated
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Fig. 1. A torus

plane which we denote by A, it is obviously invariant under the deck trans-

formation ydéfoq-ozz, viewed as an element of 7 (X, p(0)) acting on T} x Tb.
Now consider all the zig-zag lines parallel to &. By the invariance under +,
the restriction of p to such a line is determined by a finite segment of a fixed
length. So it is possible to find two such lines (1, B2 such that p| 4= | - Let

§:A— A be an affine transformation taking 3; to f2. Since A is the convex
hull of each of the f;, the mapping p|a is determined by its restriction to ;.
This implies that § is also a deck transformation pod=p. The desired Z? is
now generated by Z2=(v,8) and we are done. |

We may assume without loss of generality that the action Z?22(y,§)~ A
is the standard action: + acts by translation of length M; =171 () on the first
coordinate and fixes the second coordinate and the other way around for 6.
~ will thus be elliptic on T and hyperbolic on 77 and the opposite for 9.
We can also assume that y€I" i.e. that Oy, the vertex fixed by PGLy(Zy, ),
is contained in Is.

The element ~, acting on T5, fixes pointwise the bi-infinite line ls € T5, in
particular it fixes pointwise any finite subset of ly. Taking {Oy € C), Cla}pen
to be symmetric line segments of length 2n around O we obtain a tower of
Ramanujan graphs X, déchn =TI¢,\T1 with bounded girth. In fact we can
explicitly describe the circle common to all these graphs, the infinite line
[ CTy is mapped to a circle of length < Mj in the graph X¢=1I'¢\T} which
in turn covers all the finite graphs X,,.
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We now modify our example so that 1.2(2) is satisfied, i.e. so that the
minimal common covering of the tower of Ramanujan graphs is the tree 77 .
Let [ CT5 be an infinite geodesic with the following properties:

* O2€lNly,

o 1% Stabr(l)=(e).

The existence of such a geodesic is clear by counting considerations: Each
non identity element g€ PG Ly(Qg,) fixes at most three points on the bound-
ary of Ty ([16],2.3(3)), but I" is countable and the boundary is not. By 2.3(3)
there exists an element g€ PSLy(Z,,) such that gl =1. The weak approxi-
mation theorem [9], says that XN PSLy(Q,,) is dense® in PSLy(Qy,), and
since PSLy(Zg,) is open I'NPSLy(Zg,) < PSLg(Zg,) is dense. For a given n
we can find an element ~y,, € " which is close enough to g that ~,,C,, =gC,, CI.
It follows that I'yc, = vulc, 7 I and that the graphs X, = Xg4c,, are iso-
morphic. In particular, the graphs X,¢, are also Ramanujan graphs with
bounded girth. The intersection

(3'2) ﬂFgCn =1lgCc = <€>

is now trivial and therefore the tower of graphs {Xyc, }nen satisfies all the
properties stated in theorem (1.2). Note that we have not changed the iso-
morphism type of the graphs but merely the covering maps between them,
in order to satisfy equation (3.2). |

4. Explicit description

Here we specialize to a very concrete example, which enables us to give an
explicit description of a tower of Ramanujan graphs in terms of Schreier
graphs.

Theorem 4.1. (Compare [9, theorem 7.4.3]). Let q1,q2 be two primes both
congruent to 1 mod 4, n any integer,
L(n) = PSLy(Z/q5Z) if q1 is a quadratic residue mod qo
"= PGLy(Z/q5Z) otherwise
A(n) < L(n) the diagonal group.

S(n) = {(a;o—l—an\/—_l {1}2+x3\/__1> Zgl:l l’? =q }

€ L(n)|0<zy=1(mod?2

® The topology here is the go — adic topology on PGL2(Qq,). This is the same as the
compact open topology coming from the action on the tree T>: two elements are close if
their restrictions to some large finite subset of V1% coincide.
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Then, the set S is symmetric and contains exactly (q1 +1) elements. The
right Schreier graphs

(4.1) X(L(n), A(n), S(n))

form a tower of (q + 1)—regular Ramanujan graphs with girth 1 (i.e. all
graphs contain a loop).

Proof. This is just spelling out theorem 1.2 when H=H] ; is the (standard)
Hamilton quaternion algebra. H splits at all primes except for {2,000}, when
q is a prime congruent to 1 mod 4 there is a v/—1€Q, and the splitting is
explicitly described by®:

) . . a+by—-1 c+dv-1
(4.2) ¢gra+bi+cj+dk— (—c—l—d\/—_la—b\/—_l)'

Let G=H*/ZH* be the algebraic group of invertible elements in H modulo
the center. For the lattices” I' (resp. X)) we take the principal congruence
subgroup mod 2, of G(Z[1/q1]) (resp. G(Z[1/g1,1/ga))).

l’i3€ Z
2 m
def . . i_ox; = qi" for some m € N
I'= { [wo + 219 + x2) + 23K] o = 1(mod 2)
x9 = w3 = x4 = 0(mod 2)
r;, €EZ
3 2 m,n
def . . o x; = q7'qy for some m,n € N
(4.3) X = { [xo+ 210 + 227 + x3K] 7o = 1(mod 2)
x9 = w3 = x4 = 0(mod 2)

Where the square brackets stand for equivalence class modulo the center
ZH.

The group I acts freely, transitively and without inversion on the tree T}
(see [9, Lemma 7.4.1]), this makes all the details of example (2.3) applicable,
so we identify the graphs X, with the Schreier graphs

(4'4) Xp = X(F/F(qg)7FC’n/F(qg)7S/)'

Here S’ is the natural set of generators of I', which makes T} into the Cayley
graph of I, {C)}nen is an ascending sequence of segments of length 2n

% One can check that this is an isomorphism by solving the linear equations for the
matrix entries.

" I is a uniform lattice in PGL2(Qg, ), ¥ is a uniform lattice under its diagonal embed-
ding in PGL2(Qq,) X PGL2(Qg,). This means that it acts with a finite number of orbits
and finite vertex stabilizers on the product 71 x Tx.
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around Oq and I'(gy) =T Bry (O2,n) is a natural choice for a normal subgroup
contained in I, .

The group I'/I'(¢5) =1I"/I'py, (05, is identified in [9, Remark 7.4.4] as the
group L(n) (one can see from 2.3(2) that it is a subgroup of PGL2(Z/q5Z)).
We have seen in the previous section, that as long as we are only interested
in the isomorphism type of the graphs X,, the precise choice of the seg-
ments C,, does not matter. We make the choice that will give, using 2.3(2),
I, /Ty, (02,m) = A(n). To identify S’ we choose a base vertex 01 € VT -
the vertex stabilized by PGLy(Zg, ), and let

r;, €L
4 2
;- . . dim1Ti =@
(45) "= lwo it anj +ask] € DG 0 0y
T = L9 = X3 = O(mod 2)

be the symmetric set of generators of I" taking Oy to its (g1 + 1) neighbors.
S(n) is exactly the image of S” in L(n) under the map t4n 0 ¢y, .

After making all these identifications equation 4.4 gives the desired equa-
tion 4.1. From the previous section we know that {X,, },en, thus defined is
a tower of Ramanujan graphs of bounded girth. In order to show that the
girth is actually 1 and in order to find the minimal common covering of all
graphs we must explicitly identify the torus (v,0d).

Each ¢; can be represented as a sum of two squares ¢;=a?+b?. Without
loss of generality we may assume that a; is positive and odd and that b; is
even. As our pair of commuting elements we can take y=a1+b1i,d =ao+boi.
We let [; CT; be the bi-infinite geodesic which is stabilized (setwise) by the
diagonal (Cartan) subgroup A C PGL2(Qg,) then ~ fixes I pointwise and
acts on [; by translation of length 1. Since by our choice the C),’s are all
subsets of Iy, the line I; will be mapped into a loop (=circle of length 1) in
each of the graphs X,,.

The minimal common covering of all the X,,’s (with the natural covering
morphisms) is not 7. In order to obtain a tower whose minimal common
covering is Ty one has to replace A(n) by g(n)A(n)g(n)~! where g(n) =
Y(g5(g)) is the reduction mod ¢ of any element g € PGLy(Qg,) such that
Iy, = (e). For example any element with entries that are not algebraic
with respect to each other will do, but one can also find concrete algebraic
examples. |

Remark. Another variant would be to replace C), by paths of length
n starting at the vertex Os. The graphs obtained in this way would be
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X (S(n),B(n),S(n)) where B(n) < L(n) is the upper triangular (Borel) sub-
group. These graphs can be identified with the graphs coming from the
action of L(n) on the projective line P1(Z/q57Z).

5. Remarks and open questions

e A similar construction can be carried out for surfaces. If we replace H
with a non-definite quaternion algebra which ramifies over Q, and X
by a mixed irreducible lattice in a product of a p—adic and a real Lie
group then we can obtain a tower of compact surfaces .5,,. By the Jacket-
Langlands correspondence all S;, satisfy Selberg’s A1 >3/16 (and conjec-
turally A\; > 1/4) theorem, and in addition they will all share the same

closed geodesic.

For example pick the quaternion algebra H = H_5 _3 dof (1,1,7,klij =

—ji=k,i?=2,5j2=3). H splits at 7 and at oo via the splitting

To + T1V2 x9 + $3\/§
(Iz - $3\/§) o — $1\/§

Let G be the algebraic group H*/ZH* defined over Q and consider the

lattice /ldéfG(Z[l/7])(2) € PGLy(R) x PGLy(Q7) (i.e. the principal con-
gruence subgroup mod 2 of G(Z[1/7])). Lambda is torsion free. The ele-
ment v€ ' given by

(5.1) xo—i—xlz‘—i—aﬁj + x3k — <3

def (3 +2v2 0 )

.2 = 2N
(5.2) v =342 0 3 _ 93

fixes pointwise an infinite geodesic I on the tree associated to PG Ly (Qr);
it is also hyperbolic, acting as a translation of length log(17+12+/2) on the
axis [; =iR, as an element of PG Ls(R) acting on the hyperbolic plane b.
We obtain a tower of Riemann surfaces {A¢, \b},, where C,, Cly are finite
segments with length going to infinity. All these surfaces will contain a
closed geodesic of length log(17 +12v/2). As in the combinatorial case
the minimal common covering of all these surfaces will be (7)\h, and by
twisting the covering morphisms we can arrange for the minimal common
covering to be b.

e In retrospect the fact that there exist congruence subgroups with non-
trivial intersection seems obvious. It is interesting to note however that
this intersection can not be too large. This is the content of the following
lemma, the proof of which was indicated to me by Alex Lubotzky:
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Lemma 5.1. Let I' < PGLy(Q,) be an arithmetic lattice, A < I' an
infinite index torsion free subgroup which is an intersection of congruence
subgroups. Then A is either trivial or Z.

Proof. If A is torsion free then it is free (because it acts freely on the
tree). If it is not Abelian it must be Zariski dense because PG Lo does not
have any proper, non solvable algebraic subgroups. But A is closed in the
congruence topology on I so by the strong approximation theorem ([17,
14]) A is open in the congruence topology on I" and therefore of finite
index. |

Geometrically this means that for any infinite tower of LPS graphs the
minimal common covering graph contains at most one circle. In fact, this
statement will hold for all known constructions of Ramanujan graphs of
constant degree. As far as I know all these constructions come from con-
gruence subgroups in arithmetic lattices. One is lead to ask the following
question:

Question 5.2. Can the minimal common covering of a tower of Ra-
manujan graphs have more then one circle (i.e. have a non Abelian fun-
damental group)?
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